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Five different variations on the basic quasilinearization algorithm for optional control are 
applied to a six-variable nonlinear gas absorber system. Convergence of the algorithms to the 
optimal trajectory with better than 1% accuracy is  achieved in less than ten iterations. The 
region of initial starting points which yield convergence is quite large. The main difficulty 
encountered is  due to instabilities of the maximum principle equations. This limitation is, 
however, not severe and it is possible to predict a priori when the difficulty will occur. It is 
concluded that quasilinearization is a feasible algorithm for the optimization of nonlinear 
unconstrained systems. 

The application of optimal control theory to systems 
characteristic of the chemical process industry is hampered 
by the multidimensional, nonlinear nature of these systems. 
The maximum principle formulation of such optimization 
problems leads to a nonlinear, two-point, boundary-value 
problem which is difficult to solve numerically. While 
much progress has been made toward developing an itera- 
tive numerical algorithm suitable for practical systems in 
the aerospace industry, the application of these procedures 
to problems of interest to chemical engineers has, in gen- 
eral, not been demonstrated. Consideration of the existing 
numerical methods for dynamic optimization indicates that 
quasilinearization is potentially one of the most feasible 
numerical procedures. 

Quasilinearization is an iterative method that approxi- 
mates the original nonlinear, boundary-value problem by 
a linear one which is easier to solve numerically (3) .  The 
quasilinear algorithm has two characteristics which make 
it superior to most other methods. First, convergence is 
rapid (7)  and second, the treatment of large systems of 
equations is facilitated by very meager computer storage 
requirements (9). Quasilinearization has been compared 
to two popular algorithms, the gradient method and the 
second variation method (JO), and proved to be superior 
for several specific problems (15). 

However, quasilinearization has been used almost exclu- 
sively to treat aerospace systems. Only one chemical en- 
gineering problem has been investigated. Lee (13) solved 
a two-variable, highly nonlinear tubular reactor problem, 
obtaining four-digit accuracy in only four iterations with 
a poor initial starting point for the algorithm. In addition, 
the largest problem tested by quasilinearization is a three- 
variable aerospace problem (15) .  Furthermore, there are 
many variations on the basic idea of quasilinearization and 
the algorithms based on these variations have not been 
compared. With these points in mind, this investigation 
will be concerned with the following questions. 

1. Is quasilinearization capable of handling systems typ- 
ical of the chemical process industry? 

2. Can quasilinearization effectively treat multidimen- 
sional chemical engineering systems? 

3. Which of the various uasilinear algorithms is best? 
In order to shed some lig 1 t on these questions, the op- 
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timization of a six-plate gas absorber (six variables) with 
two control variables and a nonlinear equilibrium expres- 
sion is considered. With regard to the first two questions 
posed above, it is shown that (1)  convergence to better 
than 1% accuracy is obtained in less than ten iterations; 
and (2) the instability of the maximum principle adjoint 
equations for this system, while limiting the effectiveness 
of even the best quasilinear variation, does not prevent 
convergence for realistic cases. 

In addition, five different quasilinearization algorithms 
are examined and ranked according to their effectiveness. 
While successful application of quasilinearization to one 
typical chemical engineering problem does not justify a 
claim of universal applicability, the results of this investi- 
gation do indicate that the quasilinear algorithm is a feasi- 
ble method for the optimization of nonlinear, uncon- 
strained, chemicaI process systems. A further paper will 
illustrate the application to constrained problems. 

THE MAXIMUM PRINCIPLE FORMULATION 

fined by n ordinary differential equations: 
We shall consider nonlinear, unconstrained systems de- 

where x = [xl . . ., x,] is the n dimensional state vector, 
u = [ul, . . ., u,] is the T dimensional control vector, and 
t is the independent variable, usually time. It is desired 
to find u ( t )  which minimizes the scalar performance index 

U 

Z(x, u) = c C&(t f )  = c’x( tf) (2) 
i = l  

given the initial conditions 

.(to) = xo (3) 
The final time tf is assumed known and fixed, the ci are 
weighting factors, and the prime indicates the transpose 
of a vector or matrix. 

Employing Pontryagin’s maximum principle (1 6, 18), 
define a Hamiltonian functian by 

n 

i=l 
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where the adjoint vector of n dimensions, z = [zi, . . ., 
zn], is defined by 

( 5 )  
a N ( x ,  z ,  u) -- = i ( t )  = - dz ( t )  

dt ax  

In addition, the adjoint vector is prescribed at t = tf by 

Z ( t f )  = - c  (6) 

The optimal control policy, u ( t )  = u* ( t ) ,  is chosen by 
maximizing H at each instant of time with respect to u. 
If we require that F ( x ,  u) be nonlinear in every compo- 
nent of u, then u " ( t )  is given by the solution to the r 
algebraic equations 

Solving Equation (7) for u ( t )  as a function of x ( t )  and 
z ( t )  and substituting the result into Equations (1) and 
( S ) ,  we obtain the following set of 2n ordinary differential 
equations: 

and 
x = f (x, z) (8) 

z = g(x, z) (9) 

Equations (8) and (9) are subject to 2n boundary con- 
ditions, namely, the n initial conditions of Equation (3)  
and the n final conditions of Equation (6) .  This, then, is 
the nonlinear, two-point, boundary-value problem which 
must be solved to yield the necessary conditions for an 
optimal control policy. 

THE QUASILINEAR ALGORITHM 

In its basic form, quasilinearization assumes x ( t )  and 
z (  t )  . Call these initial assumptions x(O) ( t )  and z(O) ( t ) ,  
to 4 t A t f ,  and then iteratively improve these values un- 
til the ( m  + 1)th and mth approximations to both x ( t )  
and z ( t )  differ by less than some prescribed 8 .  ~ ( ~ + l ) ( t )  
and z(m+l)(t) are then the optimal trajectories x* ( t )  and 
z*(t). Equation (7) produces u " ( t ) .  In each iterative 
cycle the known 2n boundary conditions on x(to) and 
z ( t f )  are used and held fixed. This approach is quite dif- 
ferent from those numerical methods which iterate on the 
missing boundary conditions, x ( t f )  or z ( t o ) ,  or those 
which iterate on the control policy (5, 6, 8, 10, 1 2 ) .  As 
an illustration, it has been shown (1) that iterating on the 
missing boundary conditions may lead to considerable 
computational difficulties due to the inherent instability of 
the adjoint equations to forward integration. 

To illustrate the features of the quasilinearization al- 
gorithm, we consider the problem described by Equations 
(8) and (9) .  Assume that the mth approximation to x ( t )  
and z ( t ) ,  denoted by x ( ~ )  and dm), is known. Expressions 
for the ( m  -t 1) th approximation are obtained by expand- 
ing the right-hand side of Equations (8) and (9) in a 
power series about the mth approximation, keeping only 
the first two terms. The following equations result: 

Equations (10) and (11) are solved until the differ- 
ence between the mth and the ( m  + l)th approximations 
is arbitrarily small. Kalaba (7 )  proves that convergence is 
monotonic if f i  and gi, as well as their first and second 
partial derivatives, are bounded. In addition, convergence 
is quadratic if the interval [to, t f ]  is sufficiently small. This 
suggests suitability for numerical computation. 

Note that Equations (10) and (11) are linear in the 
(m + 1) th approximation. Linear, boundary-value prob- 
lems are easily solved by superposition ( 3 ) .  As an illus- 
tration obtain a particular solution, denoted by x, ( t )  and 
z p ( t ) ,  of Equations (10) and (11) with arbitrary initial 
conditions. Generate 2n homogeneous solutions, where the 
kth solution is x h ( k )  ( t )  and z h ( k )  ( t ) ,  with initial conditions 
x h ( k ) ( t o )  = s 8 ( k ) ,  z h ( k ) ( t o )  = 0 for k n and x h ( k ) ( t o )  
= 0, ~ h ( ~ ) ( t , )  = st5Ck-n) for k > n, where & ( k )  is an 
n dimensional vector with the general element being 

and 0 is an n dimensional null vector. These solutions are 
combined by the superposition principle so that 

2n 
Xp+ l ) ( t )  = Xpi(t)  + 2 a j ( m + 1 )  xhi ( j )  ( t )  ( 13) 

j=1 

and 
2n 

z i . ( m + l ) ( t )  = zp , ( t )  + aj(m+l) zh>"(t)  (14) 
j=l 

a ( m + l )  is chosen so that x ( m + l )  and z ( m + l )  in Equations 
(13) and (14) satisfy the 2n known boundary conditions 
on Equations (8) and (9). This requires the solution to 
2n simultaneous, linear, algebraic equations, for which 
many techniques are available. For purposes of further 
discussion this method will be called MI. 

There are a number of interesting variations on this 
basic algorithm which are important. Thus McGill and 
Kenneth (14) suggest a somewhat simpler method than 
the one above. Instead of allowing the initial conditions 
for the particular solution to be completely arbitrary, let 
% ( t o )  = xo with z p ( t o )  arbitrary. Then form n homoge- 
neous solutions to Equations (10) and (11) where 
x r L ( k ) ( t o )  = 0 and ~h(~)(t,) = ~ 6 ' ~ ) .  The solutions are 
combined as before except that the summation in Equa- 
tions (13) and (14) goes up to n instead of Zn, since the 
initial conditions of x ( m + l ) ( t o )  = xo are automatically sat- 
isfied for any finite Now only n algebraic equa- 
tions must be solved and n homogeneous solutions gen- 
erated and stored. Denote this as method M2. 

A further modification of the M1 algorithm can also be 
made. Generate the 2n homogeneous solutions where the 
initial conditions on the kth solution are x h ( k ) ( t o )  = 
X ( m ) ( t o )  + ~ 8 ( ~ ) ,  z h C k ) ( t o )  = d m ) ( t o )  for k 4 n and 
x h ' k ) ( t o )  = x ( m ) ( t o ) ,  zh(k)(to) = z(m)(to) + s F i ( k - n )  for 
k > n. For the particular solution let x,( to)  = x ( ~ )  ( to ) ,  
zp(tu) = d m ) ( t o )  in generating the ( m  + 1)th ap- 
proximation. Call this the M3 method. It might be ex- 

and pected that this choice of initial conditions will increase 
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the convergence of the superposition solutions. However, 
if the solutions start to diverge this technique will prob- 
ably increase the rate of divergence since the mth solution 
is carried over into the (m + 1 ) t ”  approximation in the 
superposition initial conditions as wcll as in the right-hand 
side of the linearized equations. 

S lvester and Mcyer (19) have proposed yet another 
mo Lil ification of quasilinearization. Define the state and 
adjoint variable error vectors e and e, by 

(15) e .  - x i ( m + l )  - X , ( n ~ )  
1 -  

where i = 1, . . ., n. Then Equations (10) and (11) be- 
come 

If the total number of inte ration steps from t = to to t 
= tf is N ,  then Bellman a n i  Kalaba’s algorithm is the fol- 
1 owing . 

1. Integrate the homogeneous form of Equations (17) 
and (18) from H(t,) to t = t l ,  to < tl < t j .  

2. Orthonormalize the rows of H(t l ) ,  at the s h e  time 
carrying out the same linear transformation on H(t,) . 

3. Integrate from thc new H(t1) to t = t 2 ,  tl < ts < 
tf. 

4 .  Orthonormalize H (  t 2 )  as before, again transforming 
H(to). 

af, I 1 

and 

i = 1, . . ., n. 
If the numerical errors involved in solving Equations (10) 
and (11) and (17) and (18) are the same, then the 
magnitude of the numerical error in x and z using Equn- 
tions (17) and (18) will be smaller than the error result- 
ing from the use of Equations (10) arid (11). This is due 
to the fact that the error is now associated with e and c, 
whose magnitudes are much smaller than x and z. 

These quasilinearization error equations can bc solved, 
as before, by generating homo eneous and particular so- 

ary conditions are satisfied. Kote that if each successive 
approximation is required to match the boundary condi- 
tions, the boundary values for the solution to Equations 
(17) and (18) are identically zero. Also, it is obvious 
that if the method converges, all ei and ci approach zero. 
In light of the above, the homogeneous and particular 
solutions can best be obtained by the technique in M 2 .  
Denote the M2 algorithm applied to the error equations 
of Sylvester and Meyer as the M 4  method. 

Even though there are numerous ways of solving a sys- 
tem of linear algebraic equations, such as those in ~ ( ~ + l ) ,  
most of the methods work well only if the coefficieiit 
matrix is not ill-conditioned, This situation is likely to 
occur in optimal control problems due to the instability 
of the adjoint equations to forward integration (I). Bell- 
man and Kalaba (3)  suggest a way of circumventing this 
difficulty. 

As before, let eh( i )  and elr(’) represent the ittl homoge- 
neous solution to Equations (17) and (18). In the gen- 
eration of the homogeneous solutions it is likely that the 
components of Eh(i) will become large due to the instabil- 
ity of the adjoint equations. I t  is desirable that the homo- 
geneous solutions be linearly independent, but if the com- 
ponents of EhCi) grow rapidly as integration proceeds this 
condition will not be met. 

Consider the M 4  method and denote the n x 2n matrix 
of homogeneous solutions by H ( t )  . The ith row of H( t )  
is the vector [ e h l ( f ) ( t ) ,  . . ., ehnCi)(t), hhl(i)(t), . . ., 
C h n  ( i ) ( t ) ] .  For the M4 method 

lutions and forming a linear com t ination so that the bound- 

5. Proceed as ‘above until t = t f  is reached. 
The result is a matrix of final values, H(tj), with ortho- 

normal rows and a matrix of initial conditions, H(t,), 
which will generate H(tf) .  Once H(t,) is found, e, , ( f ) ( t )  
and c t 8 ( j ) ( t )  can be determined as before by combining 
the homogeneous and particular solutions. From here there 
are two options. One ma use the H(t,) matrix from the 

iteration or the H ( t o )  given by Equation ( 19). 
Call this method M 5  and denote by M the number of 

numerical integration steps taken in going from t l  to t2 ,  as 
described in step 3 of the above scheme. Let the two op- 
tions be option 1 and option 2, respectively. 

Obviously the computation time of M5 is much greater 
than that of M4, particularly if the orthonormalization 
must be performed many times between t = to and t = t j .  

However, 1\45 does, in theory, appear to alleviate the dif- 
ficulties caused by unstable adjoint variables. 

mttl iteration as the initia r H(t,) matrix for the ( m  + l)‘h 

COMPUTATIONAL CONSIDERATIONS 

Roughly speaking, the methods based on superposition 
can be ranked in order of increasing complcxity or ex- 
pectance of success as follows: M1, Me, M 3 ,  M4, and M5. 
One might start to solve a 
M1 and then proceed upwara] until a solution is obtainet 
A summary of the salient features of these methods is 
listed in Table 1. 

In employing superposition, it has been assumed that 
the homogeneous and particular solutions can be stored at 
every grid point t = A, 2A,  . . ., N A .  N is the number of 
integration steps taken in numerically integrating from to 
to t ~ .  These solutions are then combined to yield the (m 
t 1 ) t h  approximation once a ( m + l )  has been calculated. 
On this basis the number of storage locations required 
by the M 2 ,  M 4 ,  and M 5  methods for digital computation 
is 

articular problem by usin 

C ( n ,  N )  = 2n N ( n  + 1 )  (20) 
where n is the dimension of the state vector. If the maxi- 
mum number of storage locations available to the user is 
30,000, then for N = 20 the upper limit on n is 26. For 

Vol. 13, No. 5 AlChE Journal Page 975 



TABLE 1. A COMPARISON OF THE SUPERPOSITION VARIATIONS OF QUASILINEARIZATION 

Linearized 
equations 

Method given by 

M1 Equations (10) 
and (11) 

M2 Equations (10) 
and (11) 

M3 Equations (10) 
and (11) 

Particular solution 
Initial conditions 

Onxore Onzare 

P> Homogeneous solution 
Number of Initial conditions, Adjoint 

homogeneous k=1,2,  . . . . p  Equation 
solutions Onxore Onzore stabilization 

M4 Equations (17) 0 0 n 

M5 Equations (17) 0 0 n 

* n is the dimension of the state vector. 

and (18) 

and (18) 

N = 100, n can be no larger than 11. If the step size must 
be reduced further and N = 1,000, only a three-variable 
problem can be accommodated. 

Most of the storage requirement given by Equation 
(20) is due to the necessity of retaining the full grid of 
homogeneous and particular solutions. Kenneth and Taylor 
(9) propose a way of eliminating this. The calculation of 
c x ( m + l )  requires at most only the initial and final values 
of the homogeneous and particular solutions €or the type 
of boundary-value problem considered here. With this in 
mind, Kenneth and Taylor suggest keeping only those 
values and the mth approximation. Once U ( ~ + I )  is deter- 
mined, the initial value of the ( m  + l ) t h  approximation 
is calculated and the linearized equations are integrated 
forward from this initial condition to yield the ( m  + l ) t h  
approximation, which is stored over the mth approxima- 
tion. The storage requirement is now reduced to 

For N = 1,000, the maximum allowable n for a 30K 
memor is 15. This is a much more acceptable value. 
Note J a t  this technique requires one additional integra- 
tion, but the increase in computation time will be negligi- 
ble. 

Bellman ( 2 )  proposes a procedure which eliminates the 
need for retaining the ( m  + approximation entirely. 
At each iteration k, Bellman stores only the initial value 
of the kth approximation. With the assumption that the 
initial guess is written as a function of t and need not be 
stored at each grid point, then to generate the mth ap- 
proximation needed to calculate the ( m  + 1)th approxi- 
mation, the linear equations must be integrated m times, 
from k = 1 to k = m, using the m sets of stored initial 
conditions. This means that 2mn additional equations 
must be integrated at the ( m  + l ) t h  iteration. Although 
the storage requirement is quite small, the computation 
time will be greatly increased. 

In any case, the maximum n for feasible numerical solu- 
tion is not determined by storage limitations, but by the 
amount of computation time needed at each iteration. In 
other words, quasilinearization is a time-limited rather 
than storage-limited algorithm. At this point, the effect 
of n on the number of iterations required for convergence 
is unknown. It  is conceivable that as n increases the num- 
ber of iterations will also rise due to the increased com- 
plexity of the system. This would add an additional time 
restriction on the maximum feasible n. 

A NUMERICAL EXAMPLE 

TO illustrate the computational difficulties and advan- 
tages of quasilinearization, we consider here the transient 

C ( n ,  N )  = 2nN (21) 

0 Si3 (k)  No 

0 S G ( k )  Yes 

behavior of a plate type of absorption tower (11 ) .  The 
state equations are given by 

dyr dxi + h';ii-= L[xi-i-xil + G(yi+i -y i ) ,  
hg dt 

i = 1, . . ., N (22) 
and we assume the nonlinear equilibrium relationship 

With N = 6 for an explicit formulation, the state vector 
is x( t )  = [XI, . . ., xe] and the control vector u ( t )  is 
made up of the two entering feed compositions x o ( t )  and 
~7(t), u(t) = [xo(t), y7(t)]. Given some initial startin 
steady state operating condition of the tower, it is desire 
to determine the optimal x o ( t )  and y 7 ( t )  which will mini- 
mize an integral weighted sum of squares of the devia- 
tion of x( t ) ,  x,(t) ,and y 7 ( t )  from a final desired steady 
state. Since y7(t) can be related to a corresponding liquid 
composition by Equation (23), the performance index 
which we wish to minimize is given by 

yi =+UG + @q2 (23) 

s 

where the wi are weighting factors and 0 are the final 
and desired values. We also rewrite the control vector as 
u( t )  = [x,( t )  , x7( t )  I. All the actual numerical parame- 
ters and steady states may be found in Table 2. 

This performance index effectively penalizes the system 
for deviations from the desired steady state. Note that 
the control variables x o ( t )  and x7(t) are constrained in a 
sense, since large deviations from Z0 and zr are penalized 
by the inclusion of the control variables in the objective 
function. 

Using Equation (23), we can rewrite Equation (22) 
as a vector state equation: 

TABLE 2. NUMERICAL PARAMETERS 

G = 66.7 lb./min. 
N =  6 L = 40.8 lb./min. 

parameters 
a = 0.72 
J¶ = 0.08 hg = 1.0 lb. 
t o =  0 hl = 75.0 lb. 

x o ( 0 )  = 0 
xi( 0) = 0.0642757 
~ z ( 0 )  = 0.117801 

Xq(0)  = 0.197937 
X s ( 0 )  = 0.221706 
~ t j ( O )  = 0.250754 
X7(0) = 0.269696 

z3(O) = 0.161906 

- 
xo = 0 
5zi = 0.0985273 

Initial T2 = 0.179724 
,steady 3 3  = 0.245595 

~4 = 0.298369 state 
T5 = 0.340235 
Zf3 = 0.373192 
37 = 0.398979 

- 
Desired 
steady 
state 
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x = f(x, u) (25) 

where x = [XI, . . ., x6] and u = [ x ,  x?]. Applying the 
maximum principle, we find the Hamiltonian: 

6 7 

H(x, Z,U) = C k i ~ i -  C w ~ ( x $ - F ~ ) '  (26) 
i = l  1=0 

The adjoint equations are 

where 

and 
Ai hg ( a  + 2P~s.i) + hi (31) 

Maximizing H(x, z, u )  at every t yields for u( t )  = [ x , , ( t ) ,  
X 7 ( t )  1: 

and 

(33) 
~ A S W ~ Z ~  4- aGZ6 

x7 = 
2 (AW7 - BGZ6 1 

The boundary conditions on Equations (27) to (29) are 

Following quasilinearization, Equations (25) and (27) 
to (29) are linearized, after substitution of Equations 

Z(tj) = 0. 

5 
& 028 :; y 4 TRANSIENT RESPONSE TO 

x t o ,  x7: ,398979 

I I 1 I I 
I a0 

0.241 0 2.0 4.0 6.0 8.0 

Fig. 1. X f 3 ( t )  vs. t for different final tf's. Method M3 i s  used. 

t , MINUTES 

(32) and (33) for u ( t ) .  The linearization is straightfor- 
ward ( I  7) and is not reproduced here. 

Final times t f  of from 5 to 15 min. were investigated 
with a weightin function, in most cases, of wi = 1.0, i = 

varied and the results indicate that a step size of 0.35 min. 
or smaller is sufficient to give six-digit precision. c was set 
at This corresponds to less than 0.5% of the dif- 
ference between xi (0) and zi, the desired final state. z ( t )  
was not required to converge to within c = how- 
ever. For z ( t ) ,  c = 0.01 was felt to be sufficiently strin- 
gent value for two reasons. First, accuracy in the adjoint 
variable trajectory is required only to determine the con- 
trol tra'ectory. Second, z ( t )  is more difficult to determine 
than x(t ) because of instabilities in the adjoint equations. 
A small c for z ( t )  would cause excessive iteration. For 
these two reasons z ( t )  was assumed to have converged if 
z(m)(t) and z(m+l)( t )  deviated by no more than e = 0.01 
even though c = for x ( t ) .  In what is to follow, 
whenever a value of c is given it shall be taken to be c for 
x(t) ,  and c for z(&) will be 102 times the c for x ( t ) .  

0, 1, . . ., 7. T Q e numerical integration step size A was 

The initial control policy was assumed to be 

where the constants were chosen so that the control policy 
was reasonable. This guess was suggested by experience 
and intuition only. For most runs, the values of 1;1 and (2 

were 0.1 and 0.4, respectively. 
A brief word about the choice of tf  is in order to start 

our discussion. Note that the assumption that t j  is fixed is 
implicit in the development of the basic system equations. 
Strictly speaking, tf  is not known and if tf  remains free it 
turns out that the optimum value of tf for this formulation 
is infinite. This is unrealistic from a numerical point of 
view so tf is treated as fixed. The question to be answered, 
then, is what is a reasonable value of t j ?  An examination 
of the variation of the optimal trajectory x"(t) with tf  
answers this. As an illustration Figure 1 shows the result 
for x6" ( t )  calculated by the M3 method with s = 0.02 
for tf  = 5.7 and 10 min. Also shown in Figure 1 is the 
transient response of %3 to a control of x o ( t )  = E0 and 
x 7 ( t )  = T? for all t, that is, the control is switched im- 
mediately to the level which corresponds to the desired 
steady state F. Figure 1 reveals that x6(tf) is reasonably 
close to 3& for t f  = 10. These same results are also ob- 
tained for x l ( t ) ,  . . ., x5(t). On the other hand, the ap- 
proach to 5 for tf = 5 is not very close and for t j  = 7 
is barely acceptable. Qualitatively, then, it is safe to choose 
tf = 10 min. as a realistic final time, with tj = 7 min. 
probably not being too out of line. 

DISCUSSION OF RESULTS 

Table 3 summarizes the results of the various methods 
for t j  = 7. It is seen that the MI and M 2  methods failed 
to converge with E = lo-*. Furthermore, the M4 tech- 
nique, while converging for the t f  = 7 case, did not con- 
verge for tf = 10. Only the M3 and M5 techniques met 
the e = 
they required twelve and six iterations, respectively, to 
converge. Figures 2 and 3 show the resulting x6 trajec- 
tories with two successful methods used for t j  = 10. 

At the same time we note further that with the M3 
method the value of the Hamiltonian as a function of t j  
is given by: t j  = 5, H = - 7.521 x tf = 7, H = 
- 3.237 x 10-5; and tf = 10, H = - 8.65 x In 

requirement for t j  = 10. For e = 
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TABLE 3. A COMPARISON OF NUMERICAL METHODS FOR 
SOLVING THE GAS AESORBER PROBLEM WITH t j  E 7 

AND A = 0.14 

Method 

Ml,s= 1 

M1, s = 0.1 

M 2 , $ =  1 

M 2 ,  s = 0.1 

M3, s = 0.02 

M4, s = 1 

M5, s = 0.001 
M = 10 
(option 1 ) 

No. of 
itera- 
tions 

18 

19 

33 

33 

4 

3 

3 

Compu- 
tation 
time/ 
itera- 
tion, 
sec. 

40 

40 

23 

23 

40 

30 

55 

Remarks 

Oscillating in the third 
significant figure. Miss- 
ing z(tf)  = 0 by as 
much as 0.04 in the 
18th trial. 

Oscillating in the third 
significant figure. Miss- 
ing z(tf)  = 0 by as 
much as 0.008 in the 
19th trial. 
Oscillating in the fourth 
significant figure. Miss- 
ing z(tj) = 0 by as 
much as 0.09 in the 
33rd trial. 

Oscillating in the fourth 
significant figure. Miss- 
ing z(tf)  = 0 by as 
much as 0.03 in the 
33rd trial. 

Converges. H constant 
to four significant fig- 
ures. All zi( t f f  < 

Converges, Agrees with 
M3 run to six signifi- 
cant figures in x, z, and 

H constant to three 
significant figures. 

Converges. Agrees with 
M3 run to five signifi- 
cant figures in x, z, 
and u. 
H constant to three 
significant figures. 

10-9. 

U. 

other words the Hamiltonian appears to be approaching 
zero as t f  increases; this is the expected behavior since an 
infinite tf is the optimal final time. 

No results were obtained by any method for tf = 12 
min. or more. However, the M 5  method came very close 
to converging for tf = 12 and some effort was made to 
improve the algorithm. These modifications will be pre- 
sented shortly, along with a discussion of their results. 

A COMPARISON OF THE QUASILINEARIZATION 
VARIATIONS 

To begin the discussion of why no solution was obtained 
for tf > 10 and why some methods worked while others 
did not, consider the stability of the linearized differential 
equations. These equations are integrated from t = 0 to 
t = tf in the generation of the homogeneous and particu- 
lar solutions. I t  has already been pointed out that it is not 
uncommon for the adjoint equations to be unstable in for- 
ward integration if the state equations are stable. An idea 
of the stability of the linearized equations can be gleaned 
from an examination of the eigenvalues of the coefficient 

W 
W 0 . 3 v  

In 
(D 

x 

K E Y  
THE NUMBER ON THE CURVES 
INDICATE THE APPROXIMATION 

THE XsTRAJECTORY AFTER 
3 ITERATIONS, XA31(tl 

NUMBER, i . e . 4  REPRESENTS 

0.25L I I I I 1 
0 2.0 4.0 6.0 8.0 10.0 

1, MINUTES 

Fig. 2. x g ( t )  vs. t for f j  = 10. Method M3 is used. 

matrix A, where the homogeneous equations are written 
as 

Note that A(m) is a function of t .  For m = 5 the eigen- 
values of x at t = 0, t = 5, and t = 10 start approxi- 
mately at hl = -2.30 and finish with A6 = 4 - 2 2 ;  the 
eigenvalues of z are merely the negative of those for x 
but in reverse order. The effect of m was less than 0.02 
for all eigenvalues. The presence of positive hi indicates 
instability. The numerical difficulties are best illustrated 
by considering eWf. Using maxlXil and t j  = 10, ehitr is 
the order of lolo. Thus xh(t) and zh(t) grow rapidly in 
integrating from t = 0 to t = tf. Furthermore, since xh(tj) 
and zh(tf) are used in calculating t ~ . ( ~ + l ) ,  accuracy is 
especially needed at  t = tj. It is easily seen, then, that as 
tf  is increased accuracy is lost and the calculations involv- 
ing xh(tf) and z h ( t f )  may even become too large for 
computer storage. 

Recognizing the importance of the homogeneous and 
particular solutions at t = t f ,  those methods using super- 
position will now be examined more closely. Write Equa- 
tions (13) and (14),  the set of linear algebraic equations 
in & ( r n + l )  , as 

A a ( m + l ) = b  (36) 

Y iO31 
0 
v) 

(0 
x 

K E Y  
THE NUMBER ONTHE CURVES 
INDICATE THE APPOXIMATION 
NUMBER, i.e./iREPRESENTS 
THE X6 TRAJECTORY AFTER 
ONE INTERATION, Xl,"(t 1. 

0 . 2 5 1  
I 1 I I I I 
0 20 4.0 6.0 8.0 10.0 

t, MINUTES 

Fig. 3. xdt )  vs. t for tj = 10. Method M5 with Option 2 is used. 

Page 978 AlChE Journal September, 1967 



TABLE 4. THE VARIATION OF THE ELEMENTS OF THE COEFFICIENT MATRIX A AND THE RIGHT-HAND SIDE b IN THE 
MATRIX A a ( m + l )  = b FOR CALCULATING THE SUPERPOSITION CONSTANTS a(mt1)  FOR tf = 7 AND A = 0.14 

E M4. Option 1, 
M = 10, g,: 

q B  M1, s = 1 M2, s = 1 M3, s = 0.02 M4, s = 1 s = 0.001 
L. 6 (12) ( 6 )  (12) ( 6 )  ( 6 )  2 rh2 ( 7 )  -zpl ( 7 )  xh2 ( 7 )  -Zpz ( 7 )  xh2 ( 7 )  -Zp1 ( 7 )  'h2 ( 7 )  -€pz ( 7 )  Eh2 ( 7 )  -8p2 (7)  

1 526,762 -4474.15 1.2224 X 106 4344.45 63,300.9 -2241.26 1.2240 X 106 3098.67 0.50622 3098.67 

3 534,695 -4511.66 1.2407 x lo6 4276.76 60,550.9 1.03 x 10-3 1.2424 x 106 -18.72 0.50649 -20.01 
2 534,357 -4511.42 1.2410 X lo6 4278.08 60,549.7 7.1579 1.2424 X 10' -99.67 0.50649 -99.95 

4 534,811 -4511.38 1.2416 X 108 4277.64 60,550.4 5.59 x 10-9 
5 534,793 -4511.11 1.2419 x 106 4278.26 

10 534,322 -4511.38 1.2415 X 106 4277.28 

where the right-hand side vector b has elements [x i0  - 
xpi(O)] and [-zpi(tf)] and the coefficient matrix A con- 
tains elements like [zhi(i) ( t f )  ]. The variation of typical 
elements of A and b with m is iven in Table 4 for all 

All six techniques exhibited little change in the coefficient 
matrix with m, although the elements of A in M 5  were 
five or six orders of magnitude smaller than those in MI ,  
M 2 ,  M 3 ,  or M 4 .  On the other hand, the elements of b 
remained roughly constant with m only in M 1  and M 2 ,  
dropping at least three orders of magnitude before con- 
vergence in M 3 ,  M 4 ,  and M 5 .  The difficulty caused by 
the marked instability of the adjoint equations, as pre- 
sented in the previous paragraph, is displayed in Table 5. 
Here the increase in the magnitude of the largest element 
in A with tf is given for the M 3  method with s = 0 .02 .  

First, we wish to point out the difference between 
these results and others ( 1 7 ) ,  not reported here, on the 
famous Amundson-Bilous tubular reactor problem (4) .  In 
the reactor problem the elements of A and max [&I de- 
creased as m increased and exp [ (max [Ai l  ) tf] was on the 
order of lo5 for the worst initial guess. In the present case, 
as has already been noted, the elements of A and max JA,I 
were relatively constant and exp [ (max \ X i \ )  tf] was on 
the order of 1O1O. In the reactor problem the elements in A 
decreased as the approximation improved and this made 
the calculation of a ( m + 1 )  more accurate with each suc- 
cessive iteration. This was not the case with the absorber 
problem. The conclusion to be drawn from this is that 
the adjoint equations for the absorber are so much more 
unstable than those for the tubular reactor that the diffi- 
culties inherent in this mask any improvement that con- 
vergence provides. 

the methods under discussion wit a tf = 7 and A = 0.14. 

TABLE 5. A COMPARISON OF THE ABSOLUTE VALUE OF THE 
LARGEST ELEMENT IN THE COEFFICIENT MATRIX FOR 

CALCULATING a(j) IN THE M3 METHOD WITH s = 0.02 

tf, 
min. A,  min. 

5 0.1 
5 0.1 

7 0.14 
7 0.14 

10 0.2 
10 0.2 

12 0.24 

Vol. 13, No. 5 

Absolute 
value of the 

largest element 
the coefficient 

matrix 

1.27 x lo3 
1.24 x 1 8  

1.10 x 105 
1.08 x 105 

9.75 x 1 0 7  
9.78 x 107 

9.44 x 109 

Iteration 
number, i 

1 
2 (final 

1 
4 (final 

1 

iteration) 

iteration) 

12 (final 
iteration) 

1 

Second, as the approximate trajectory converged to the 
optimal trajectory, the particular solution calculated by 
the M 3 ,  M 4 ,  and M 5  methods a proached the optimal 

as m increased. The reason this occurred is that the initial 
conditions for the ( m  + particular solution in the 
A43 method are % ( O )  = xo and zp(0) = z(m)(O) and 
zCm)  (0) approaches z" (0) as m increases. In the M 4  and 
M5 methods ep(0) = 0 and ~ ~ ( 0 )  = 0, which are the 
values to which the error vectors converge if convergence 
is obtained. This correspondence of the particular solu- 
tion initial conditions to the initial conditions of the op- 
timal trajectory is not found in the M I  or M 2  methods. 
Note also that as m increases the linearized equations more 
closely approximate the nonlinear equations. This also 
aids in reducing the ma nitude of s ( t f )  as iteration pro- 

termined a ( m + l ) .  
Third, the magnitude of the elements of A in the M 5  

method was much lower than those obtained by any of 
the other techniques. This was due to the fact that the 
orthonormalization specifically determines that homoge- 
neous solution initial condition matrix, H (0) , which, at 
least theoretically, produces an orthonormal set of homo- 
geneous solutions at t = tf. Again this enables a more 
exact U . ( ~ + I )  to be obtained. Note also that the M 5  
method reduced the magnitude of the elements in b, as 
seen in the previous paragraph, further increasing the ac- 
curacy of a(m+l). The combination of these two effects 
is probably the reason the M 5  method took only six iter- 
ations to converge with e = 10-4 for t f  = 10,  compared 
to twelve iterations for the M 3  method, the only other one 
which converged for tf = 10. 

Fourth, the M I  and M 3  methods require 2 n  homo- 
geneous solutions (twelve in the case of the absorber prob- 
lem), while the M 2  and the M 4  algorithms produce only 
n. This reduction of the number of homogeneous solutions 
by a factor of two almost halved the computation time 
per iteration. While no significant improvement in con- 
vergence was evident, this time saving feature is of con- 
siderable merit. 

Finally, the M 4  and M 5  methods converged faster than 
the M I ,  M 2 ,  and M 3  methods. The explanation for this is 
obvious, namely, that the former two deal with the error 
vectors, which means that all numerical errors are associ- 
ated with quantities which are alread small. This was the 

proach in the first place, so it is not surprising that the 
numerical results should substantiate this reasoning. 

Based on the above discussion and the conclusions 
drawn from the results, the various methods can be ranked, 
at least qualitatively, according to their success and use- 
fulness. The most probable order is M 1 ,  M 2 ,  M 4 ,  M 3 ,  and 
M 5 ,  with the M 5  algorithm the best. I t  is somewhat ques- 

trajectory. This means that z, (tf)  B ecreased in magnitude 

ceeds. The result of all t a e above is a more accurately de- 

reasoning behind the development o r the error vector ap- 
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t ,MINUTES 

Fig. 4. The effect of xoltl storting policy. Method M5 with Option 
1 i s  used. 

tionable whether M3 is indeed better than M4 or not. The 
M3 method converged for tf = 10, while M4 did not, 
but the M3 technique requires twice as much computa- 
tion time per iteration. There is no doubt, however, that 
the M5 algorithm is the most successful of the five investi- 
gated. 

ATTEMPTS TO CONVERGE WITH tf > 10 

The inability to generate an optimal policy for tf > 10 
is disturbing and an attempt at correcting this by chang- 
ing the weighting factors wi in the objective function was 
made. Convergence of x6 is particularly bad and the same 
is true of XI, but not of the other plate compositions. The 
reason for this is the physical proximity of tra s 1 and 6 
to the control. Chan es in control markedly d e c t  x1 and 

ing the objective function so that the effect of xo and x7 on 
the internal plates is more important than the effect of 
control on plates 1 and 6 might be expected to produce 
smoother XI  and %6 trajectories. This, in turn, might allow 
convergence for t j  > 10. Admittedly the problem has been 
changed so that comparison with the case with wi = 1 
for all i will not have meaning. Nevertheless, w = ( 1, 1, 
5, 10, 10, 5, 1, l ) ,  w = (10, 1, 5, 10, 10, 5, 1, lo ) ,  w = 
( 1 , 1 , 3 , 7 , 7 , 3 , 1 , 1 ) a n d w =  ( 1 0 , 1 , 3 , 7 , 7 , 3 , 1 , 1 0 )  
with tf = 10 were tried with the M 3  method. In no case 
was convergence obtained. Because of the dismal failure 
at tf  = 10 further efforts in this direction were dropped. 

The M5 method, option 1, was put to the test with tf 
= 12 for M values of 10 and 25 and A = 0.24. Con- 
vergence was almost but not quite realized. This stimu- 
lated attempts to improve on these encouraging results. 

x6, but the effect on t f e other trays is damped out. Weight- 

It was felt that error‘ propagation resulting from the re- 
peated linear transformations made on the homogeneous 
solution initial condition matrix H (0) could be important. 
Theoretically, the homogeneous solutions at t = tf, ob- 
tained by integratin forward from H(O), should agree 

Practically, this was not the case and deviations of as 
much as 103 were sometimes found. Using double preci- 
sion cut these errors by an order of magnitude. In a fur- 
ther modification, option 2 was invoked in an effort to 
prevent this error propagation from being carried from 
one iteration to the next. This could happen with option 
1, since the final H(0)  from the mth iteration is used as 
the initial H(0) in the ( m  + 1)th iteration. Unfortunately, 
e = criterion was not satisfied by any M5 scheme. 
It  is impossible to say which option was best or whether 
double precision was really warranted. For this problem 
at least, Bellman and Kalaba’s orthonormalization de- 
creased the number of iterations needed over the M3 
scheme if convergence was obtained, but failed to in- 
crease significantly the range of tf over which solutions 
were realizable. 

with the H ( t f  ) foun 8 in the orthonormalization procedure. 

THE EFFECT OF THE STARTING 
POLICY ON CONVERGENCE 

For all the runs previously reported the starting xo and 
x7 policies are given by Equation (34) with 51 = 0.1 and 
52 = 0.4. Figures 4 and 5 show the effect of 51 and 52 on 
the convergence of the M5 method, option 1. In Figures 4 
and 5, as before, E = was the criterion for converg- 
ence. Figure 4 lists the results for tf = 7 and it is evident 
that convergence is obtainable from virtually any starting 
policy. Figure 4 also shows that the exponential form used 

0.8 
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5 2  

0.4 

0.2 

0 

” 
i 

X /  
6 
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7 
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- I X X X 

KEY 
N - CONVERGENCE TO WITHIN THE REPUIRED 

x 0 TOLERANCE IN N ITERATIONS 
X- FAILURE TO CONVERGE 
--- REGION OF FEASIBLE STARTING POUClFS 

.. 
0.20 0.30 

Fig. 5. Region of feasible storting policies. Method M5 with option 
1 i s  used. 
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in the initial policy given by Equations (34) is not a very 
good approximation to the optimal policy. Figure 5 demon- 
strates that there is a region of initial policies outside of 
which Convergence is impossible. This region, given for 
t f  = 10 in Figure 5,  is evident1 very dependent on t f .  

the gas absorber problem is felt. However, considering the 
rather poor starting policy iven by Equations (34) the 
region of feasible initial pokies  is large enough so that 
considerable freedom is available, even for t f  = 10. 

Once again the effect of t f  on t B e numerical solution of 

SUMMARY OF RESULTS 

The numerical solution of the gas absorber problem 
leads to the following conclusions: 

1. Although the equilibrium expression, y = 0 . 7 2 ~  + 
0.08~2, does not make the gas absorber system very non- 
linear, the dimensionality of the problem and the marked 
instability of the adjoint equations make it a good test of 
the quasilinearization procedure. 

2. Of the various forms of quasilinearization studied 
here, the M5 method gave the most satisfactory results. 

3. The instabilit of the adjoint equations to some ex- 
tent limited the edctiveness of even the M5 method. It 
was impossible to obtain convergence with the desired 
accuracy for t f  larger than 10 min. Perhaps fortuitously, 
t f  = 10 represents a reasonable value for the final time. 
Nevertheless, it is possible to predict when adjoint vari- 
able instability will make convergence impossible. Based 
on the numerical results of this investigation, if exp [max 

jAii . ( t f  - t o ) ]  is of the order of 1 O l o  quasilinearization 
may be expected to fail. 
4. The computation time on an IBM 7094 digital com- 

puter was never greater than 8 miri. 
5. The number of iterations required for convergence, 

when convergence was obtained, was always less than ten. 
6. A bounded region of feasible starting olicies exists. 

i 

However, the region is sufficiently large so t Yl at very little 
experimentation is needed to locate it. 
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NOTATION 

A* 
A = coefficient matrix 
b = columnvector 
c = performance index coefficients 
C = required computer storage 
Di 
e 
f = vector function 
F = vector function 

= vector function 8 = as flow rate, lb./min. 
hi = k p i d  holdup per plate, lb. 
h, = gas holdup per plate, Ib. 
H = Hamiltonian function 
H = homogeneous solution matrix 
I = erformance index 
L = Equid flow rate, lb./min. 
M = number of numerical integration steps taken be- 

tween orthonormalizations in the M5 method 
n = dimension of the state vector 
N = number of plates in the gas absorber; number of 

= function defined by Equation (31) 

= function defined by Equation (30) 
= state variable error vector [el, . . ., en] 

finite increments for numerical integration 
r = dimension of the control vector 
Y = scalar multiplier 
t = independent variable, usually time 
u = control vector [ul, . . ., u,] 
w = weighting coefficient vector 
x = state vector [xl, . . ., x,]  
x i  = solvent-free weight fraction in the liquid phase 
y, = solvent-free weight fraction in the gas phase 
z = adjoint vector [z l ,  . . ., zn] 
Greek Letters 
Q 

a,(rn) = superposition constant 
B 
8 i C k )  = Kronecker delta 
A 
E = tolerance 
c 
51, 62 = constants in Equation (34) 
hi = eigenvalue of A(m) 

Su bscripts 
f = final 

a : p;asphase omogeneous solution 
1 = liquid phase 
p = particular solution 

Superscripts 
(m) = mth approximation; mth solution 
0 = initial 
- = desired steady state 

= parameter in the gas-liquid equilibrium expression 

= parameter in the gas-liquid equilibrium expression 

= differential increment in t 

= adjoint variable error vector [el, . . . , e n ]  

, = transpose 
0 = optimal 
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